Thank You Notes:

A Children’s Story
about
Exponential Growth

By Katrina van Zee and Emily van Zee



Thank You Notes:
A Children’s Story
about
Exponential Growth

By Katrina van Zee
and Emily van Zee

Artist: Katrina van Zee

2020

©050

This work is licensed under a Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License.

What are some of the ways that people in your
home help each other?



What are some of the ways that you can think
of to help your friends and neighbors?

What are some of the jobs that people in our
community do to help others?
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After thinking about all the ways that people
in our community are helping each other,
Jasmine decides she wants to write thank
you notes.




Who has been helpful to you? What would you
On Sunday evening, Jasmine writes the first write in a thank you note to that person?
thank you note to her sister who showed her
the moon while they were taking out the
garbage.



On Monday, Jasmine writes a second thank
you note and asks her best friend Makaila to
help. Jasmine writes to her uncle

who is a nurse.
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Makaila writes to her mom who made her a
picnic lunch to enjoy in the park.
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On Tuesday, Jasmine and Makaila each write
one thank you note and each asks another
person to help write more thank you notes.

Jasmine asks her younger brother Marcus.
Makaila asks her older sister Nadira.

Jasmine writes a thank you note to her teacher
about their field trip to the playground to
observe clouds in the sky.
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Makaila writes to her aunt who works in the
police department.

Marcus writes to his mom who helped him
with his homework.

Nadira writes to her dad who helped her clean

out the cat’s litter box.
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On Wednesday, Jasmine, Makaila, Marcus, and
Nadira each write one thank you note and
each asks another person to help write more
thank you notes.

Jasmine asks her older sister Aliyah.

Makaila asks her friend Stephanie.

Marcus asks his friend Ray.

Nadira asks her friend Ana.
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Jasmine writes a thank you note to the mail
carrier. Makaila writes to her neighbor who
works at the grocery store.

Marcus writes to his uncle who is a firefighter.

Nadira writes to her cousin who drives a bus.

Aliyah writes to Jasmine who helped her cook
dinner.

Stephanie writes to her dad who helped her

do the laundry. While it was in the dryer, they

went outside to enjoy the sunset.

Ray writes to his mom who works at the
power plant. Ana writes to her sister who

played a video game with her even though she

didn’t really want to.
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This is a lot of thank you notes to keep track of
Jasmine thought. | want to keep writing thank
you notes for one whole week.

How can Jasmine keep track of how many
thank you notes have been written each day?

Sunday Wednesday | Thursday Friday

16



Days N
Sunday 1
2
4
There are lots of different ways to keep track. Wednesday | 8
Thursday
Friday

Jasmine decides, I will write the days of the
week and the number of thank you notes we
wrote that day.

What pattern do you see in the way the
number of thank you notes increases each

day?
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There are many ways to describe this pattern.

Days N
Sunday 1
2
4
Wednesday | 8
Thursday
Friday

Marcus did it like this:

On Monday we wrote 2 thank you notes, thatwas __ +
(fill in the blanks with the number of notes written on Sunday)

On Tuesday we wrote 4 thank you notes, thatwas __ +
(fill in the blanks with number of notes written on Monday)

On Wednesday we wrote 8 thank you notes, that was __ +
(fill in the blanks with the number of notes written Tuesday)
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Marcus says to Aliyah, “Look, | notice that
each day the number of thank you notes we
write is the number we wrote the day before
added to itself.”
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Days N
Sunday 1
2
4
Wednesday | 8
Thursday
Friday

Aliyah did it like this:

On Monday we wrote 2 thank you notes,
that was x the number written on Sunday

On Tuesday we wrote 4 thank you notes,
that was x the number written on Monday

On Wednesday we wrote 8 thank you notes,
that was x the number written on Tuesday
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Aliyah answers Marcus, “That’s interesting.

| notice that if we multiply the number of
thank you notes written the day before by 2,
it equals the number we write today.”

Jasmine giggles “That’s called doubling!!!”
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“If this pattern stays the same, how many
thank you notes will we write on Thursday?”
Jasmine wonders.

“How many will we write on Friday?”

“What about Saturday?”
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Days N
Sunday 1
2
4
Wednesday | 8
Thursday
Friday
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Marcus thinks, | wonder what the number of
thank you notes written each day looks like if |
draw out the whole week.

Days N
Sunday 1
2

4

Wednesday | 8
Thursday 16
Friday 32
64

How would you draw it?
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There are many ways of drawing it. Marcus did

it as a bar graph.
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Marcus could have drawn it like this instead: What is different about this one?

What does your drawing look like?

On Saturday, Makaila asks her Dad to please
order envelopes for all the thank you notes.

He asks, “How many do you need?”

She adds up all the thank you notes written

that week.
Days N
Sunday 1
2
4
Wednesday | 8
Thursday 16
Friday 32
64

28

29



“We wrote 1+2+4+8+16+32+64 = 127 thank
you notes in one week!”

Makaila’s Dad orders 127 envelopes for the
thank you notes that were written from
Sunday through Saturday.
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Makaila calls Jasmine and asks if she thinks
they should write more thank you notes for
one more week.

“Let’s do it” Jasmine agrees, “If we keep asking
someone new to help each day like last week,
we can get a lot of thank you notes written!!!”

“Oh, my mom says ask your dad to send her
the link to the envelopes he ordered, and she

will order the same ones for next week.”

How many thank you notes will they write in
the second week?
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They plan to keep the same pattern of each
person writing one thank you note every day
and asking a new person each day to also
write a thank you note.

Jasmine dances around giggling “Doubling,
doubling, doubling...!”
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Jasmine starts writing in the number of thank
you notes she expects to be written during the
second week, if they keep the same pattern
from the first week.

First Week Second Week
Days N Days N
Sunday 1 Sunday 128
2
4
Wednesday 8 Wednesday
Thursday 16 Thursday
Friday 32 Friday
64
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For Sunday she multiplies the number of notes
written the day before, 64, by 2.

She uses the pattern her sister Aliyah found in
the first week.

What pattern will you use to fill in the number
of thank you notes written each day for the
second week?
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Marcus decides to make a graph of the thank
you notes he expects to be written during the

First Week

Days N
Sunday 1
2

4

Wednesday 8
Thursday 16
Friday 32
64

second week.

How would you make one?
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Second Week

Days N
Sunday 128
256
512

Wednesday 1024
Thursday 2048
Friday 4096

8192

Marcus encounters a problem, however.

“Aliyah, can you help me? The second week
doesn’t fit on my graph paper. | already tried
taping five pieces of graph paper together and
that’s still not big enough.”

Aliyah asks, “On your bar graph, what scale did
you use?”

37



“Last time | made my scale to have one unit
equal to one thank you note.”
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“Marcus, if you want the second week to all fit
on one piece of graph paper, one unit will have
to represent more than one thank you note.”
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First Marcus tries one unit equal to 10 thank
you notes.

When he draws it on his graph paper, this
scale only fits up to 900 thank you notes.

Not enough. On the last day of week two, if

the pattern stays the same, 8,192 thank you
notes will be written!

40

41



Next he tries one unit equal to 50 thank you
notes.

When he draws it on his graph paper, this
scale only fits up to 4,500 thank you notes.

Still not enough.
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Finally, Marcus tries one unit equal to 100
thank you notes.

It worked!

This scale fits 9,000 thank notes on one piece
of graph paper.

This is how he drew it.
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“Wow, that’s A LOT of thank you notes!!! I’'m
going to draw both weeks on one graph to see
what it looks like.”
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What are some things you notice about the increase of thank you notes during the two weeks?
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“Mom!” calls Jasmine, “Did you order the
envelopes for next week yet?”

“I’'m doing it right now. Makaila’s dad said he
ordered 127 envelopes for last week. Is that
how many you want for next week?”

“WEe’ll need a lot more than that, I'll just add it
up now.”
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How many envelopes will they need for the

second week?

Days N
Sunday 128
256
512

Wednesday 1024
Thursday 2048
Friday 4096

8192
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128+256+512+1,024+2,048+4,096+8,192=

“Mom, can you please order 16,256

Days N
Sunday 128
256
512
Wednesday 1024
Thursday 2048
Friday 4096
8192

envelopes?” asks Jasmine.

“What? That is way too many envelopes!! The
link Makaila’s dad sent me lists boxes of 100
envelopes. | can get you 4 boxes, but that’s it.”
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Which day of the week will they run out of
envelopes?

How many people do you know who will write

thank you notes if you ask for their help?
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Appendix: Additional Questions to Ponder...

Which day of the second week had almost the
same amount of thank you notes as the whole
first week?

Sunday

In the whole first week 127 thank you notes are
written; on the first day of the second week, 128
thank you notes are written.

How many more envelopes did Jasmine’s mom
order than Makaila’s dad?
273 more envelopes

4 x boxes of 100 envelopes= 400 envelopes. Makaila’s
dad ordered 127 envelopes. 400 — 127 =273

Makaila’s dad’s envelopes were enough for 7
days in the first week. How many days did
Jasmine’s mom’s envelopes last in the second

week?

2 full days

128 + 256 = 384 thank you notes written on Sunday
and Monday of the second week with only 400 — 384
=16 available for Tuesday
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How many people will Jasmine have asked if
she asks a new person to help her write thank
you notes each day during the two-week
period?

13 people

How many people did Jasmine’s brother
Marcus ask to help write thank you notes
during the two-week period? Marcus started

writing notes on Tuesday.
11 people

How many thank you notes could you and the
people you asked to help write, if you all
followed the same pattern of each person
writing one thank you note and asking a new
person to write one thank you note each
day?
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This story was inspired by a book, The Limits of Growth:

The authors included a French riddle to illustrate their topic, the
initially slow and then rapid nature of exponential growth that can
overwhelm limited resources. Here is a short version of the riddle: On
Day 1, there is one lily pad in a pond. The number of lily pads doubles
every day. If unchecked, the lily pads will cover the pond in 30 days,
killing other life in the pond. If you decide to wait to clear the lily pads
until they cover half the pond, what day will that be?

A common answer is half-way to the end of the month, but on Day 15
the area covered is still barely noticeable. If you wait until the lily pads
cover half of the pond, you will be frantically clearing the pond on Day
29!

Meadows, D. H., D. L. Meadows, J. Randers, and W. W. Behrens, .
1972. The Limits to Growth. New York: Universe Books, p. 29.

For a visual model of the lily pond riddle, see:
https://www.youtube.com/watch?v=0BSaMH4hINY
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